Abstract. How fast does the quark condensate in QCD-like theories vary as a function of N f is inferred from real QCD using chiral perturbation theory at order one loop. A sum rule is derived for the single relevant chiral coupling constant, L6. A model independent lower bound is obtained. The spectral function satisfies a Weinberg-type superconvergence relation. It is discussed how this, together with chiral constraints, allows a solid evaluation of L6, based on experimental ππ-KK S-wave T -matrix input. The resulting value of L6 is compatible with a strong N f dependence possibly suggestive of the proximity of a chiral phase transition.
Introduction
By analogy with recent results obtained in supersymmetric theories [1] , one expects that QCD-like theories will undergo a number of phase transitions at zero temperature upon varying N f , the number of different flavour fermions, at fixed number of colours (N c = 3 in the following). If the number of fermions is large, N f > (11/2)N c , the theory has no asymptotic freedom and no confinement. Decreasing N f below (11/2)N c one encounters a conformal phase as indicated by the fact that the β-function at two loops has a zero [2] . Assuming the fermions to be all massless, the chiral SU (N f )×SU (N f ) symmetry of the QCD action remains unbroken in this phase. If one further decreases N f to small values, N f = 2-3, then QCD is in a confining phase in which the chiral group is spontaneously broken to SU (N f ). It is generally believed that, in this phase, the quark condensate is non-vanishing and large.
1 At larger N f , there could exist different phases of chiral symmetry breaking. A physical picture of such phases is proposed in [4] . An interesting open question concerns the value of N crit f for which a chiral phase transition takes place. Recent lattice results suggest that a transition could occur for N f as small as four [5] . In an instanton vacuum model, the quark condensate ceases to be non-vanishing for N f of the order of five [6] , while another theoretical model obtains a much larger value [7] .
In this paper, we use the fact that nature solves ordinary QCD in order to extract information on how the quark condensate varies with N f for small values of N f . More specifically, if it can be shown that the ratio
1 Experimental verification of this conjecture necessitates specific and very precise data. This question is discussed in [3] .
is significantly smaller than one, one may expect a rather small value of N crit f . In the functional integral, the dependence upon N f arises from the fermion determinant part of the measure: setting all quark masses equal, one has
In other words, it is a Dirac sea effect. In the quenched approximation, which is often used in lattice simulations, the fermion determinant is set equal to one and R 32 is exactly one. The same result also follows in the leading large N c expansion of QCD, since the determinant contributes to graphs with internal quark loops, which are subleading. Using chiral perturbation theory (CHPT), one can access the ratioR
This ratio is different from R 32 , but it is also a measure of the influence of the fermion determinant in the evaluation of the quark condensate. Again, this ratio would be exactly one in the leading large N c expansion or in the quenched approximation, for any value of the strange quark mass m s . The point here is that the physical value of strange quark mass is sufficiently small compared to the scale of the chiral expansion Λ ∼ 1 GeV, such that the chiral expansion in m s /Λ makes sense and, at the same time, m s is not so small thatR 32 will not trivially be close to 1. In this paper, we will provide an estimate ofR 32 . The plan of the paper is as follows. In Sect. 2, the expression ofR 32 in CHPT at order one loop is given. This expression involves a single low energy coupling constant, L 6 (µ), in the nomenclature of Gasser and Leutwyler [9] . In that paper, L 6 was simply assumed to be OZI suppressed. Here, we attempt a more careful estimate on the basis of a chiral sum rule. Analogous chiral sum rules were discussed in the recent literature [10] and eventually provide very good precision [11] . In Sect. 3, a sum rule expression
is shown to satisfy a Weinberg-type sum rule. This will be an important constraint to our evaluation. The construction of the spectral function is discussed in Sect. 4. Important ingredients are the pion and the kaon scalar form factors which can be related to experimental information on pion-pion scattering using analyticity, unitarity, high energy constraints as well as low energy constraints from chiral symmetry. This was first performed in [12] . The extension to the region of 1.5 GeV, where an important resonance contribution is expected is then discussed. Finally, the result can be found in Sect. 6.
Ratio of quark condensates from CHPT
Consider QCD in the limit where the N f quarks are exactly massless. We will consider the cases of N f = 2 and N f = 3 and assume, a priori, that chiral symmetry is spontaneously broken in QCD in both cases and that the value of the condensate is sufficiently large also in both cases such that the conventional chiral expansion [13, 9] 
and this value can be used consistently in the equation above. The size ofR 32 depends on the value of a single low energy coupling constant, L 6 . The low energy coupling constants of CHPT may be related to QCD correlation functions evaluated near zero momenta. This can be exploited, in particular for twopoint functions, in order to express these constants in the form of sum rules using analyticity (and the fact that chiral correlators have a non-singular short distance behaviour). A number of these are exhibited in [13] . A classic example concerns the coupling constant L 10 which is related to the correlation function of two vector currents minus two axial currents. A very reasonable estimate for L 10 can be obtained simply using the idea of vector meson dominance as well as Weinberg sum rules [14] . Our aim is to estimate L 6 along similar guidelines.
One specific reason for interest in L 6 is in connection with the Kaplan-Manohar transformation [15] . These authors observed that the effective lagrangian is left invariant under the following transformation of the quark mass matrix:
together with a transformation of certain low energy constants. At chiral order O(p 4 ) three coupling constants are affected, L 6 , L 7 and L 8 , which get transformed as
One consequence is that using low energy data alone, one can only determine combinations which are invariant under this transformation and not the individual values of L 6 , L 7 and L 8 . These values are of some importance. In particular, the value of L 8 determines the ratio of quark masses 2m s /(m u +m d ) beyond the leading chiral order [9] . It is therefore of interest to explore means of separately determining these constants (or at least one of them).
Sum rule for L 6
Consider the correlation function of the two scalar, isoscalar currentsūu +dd andss,
where the subscript "c" means that only connected graphs are to be retained. The factor B −2 0 is introduced to simplify forthcoming expressions and it furthermore makes Π 6 a renormalisation scale invariant object, B 0 being defined as
For small momenta we can express Π 6 (p 2 ) using CHPT. In particular, at zero momentum, from CHPT at O(p 4 ) one obtains 
Here, and in the following, isospin breaking is neglected and we set m u = m d = m. This expression is at the basis of our sum rule estimate for L 6 . The quark condensate ratioR 32 has a very simple expression in terms of Π 6 . Combining (4) and (10) 
